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Abstrat
Quaternion analysis of time dependent Maxwell's equations in presene of eletri and
magneti harges has been developed and the solutions for the lassial problem of moving
harges (eletri and magneti) are obtained in unique, simple and onsistent manner.
1 Introdution
It is believed that in spite of the reent potential importane of magneti monopoles[1℄,[2℄,[3℄
and dyons [4℄ towards the quark onnement problem [5℄ of quantum horomodynamis, possible
magneti ondensation of vauum [6℄, CP-violation [7℄, their role as atalyst in proton deay [8℄
and the urrent grand unied theories [9℄, the formalism neessary to desribe them has been
lumsy and manifestly non-ovariant. Keeping in view the potential importane of monopoles
and the results of Witten [7℄ that monopoles are neessarily dyons, we [10, 11℄ have also on-
struted a self-onsistent o-variant theory of generalized eletromagneti elds assoiated with
dyons eah arrying the generalized harge as omplex quantity with its real and imaginary part
as eletri and magneti onstituents. On the other hand quaternions were invented by Hamil-
ton [12℄ to extend the theory of Complex numbers to three dimensions. Maxwell's Equations of
eletromagnetism were rewritten in terms of quaternions [13℄. Finklestein et al [14℄ developed
the quaternioni quantum mehanis and Adler [15℄ desribed the theory of the algebrai stru-
ture of quantum horomodynamis for strong interations. Various aspets of quaternions are
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disussed by Morita [16℄ towards the kinematial struture of Poinare gauge theory and the
left-right Weinberg-Salam theory of quantum horomodynamis. We have also studied [17℄ the
quaternioni formulation for generalized eld equations of dyons in unique, simpler and ompat
notations. Quaternion non-Abelian gauge theory has also been onsistently disussed [18℄ to
maintain the strutural symmetry between the theory of linear gravity and eletromagnetism.
It is also shown that quaternion formalism haraterises the Abelian and non-Abelian gauge
strutures [19℄ of dyons in terms of real and imaginary onstituents of quaternion basis elements.
Altenatively, Kravhenko [20℄ and his oworkers have onsistently analysed the Maxwell's equa-
tions for time-dependent eletromagneti elds in homogeneous (isotropi) and hiral medium.
Extending this, we [21℄ have also derived the generalised Maxwell's-Dira equation in the ho-
mogenous (isotropi) medium. It has been shown that the eld equations of dyons also remains
invariant under the duality transformations in isotropi homogeneous medium and the equation
of motion reprodues the rotationally symmetri gauge invariant angular momentum of dyons.
In order to extend the theory of monopoles and dyons in isotropi medium and onsequently
the relevane of quaternion formalism of dyons, in the present paper we have undertaken the
study of the quaternion analysis of time dependent Maxwell's equations in presene of eletri
and magneti harges and the solution for the lassial problem of moving soures are obtained
in unique, simpler and onsistent manner. Quaternion forms of potential urrent, eld equation
and equation of motion are developed in ompat manner and it is imphasized that the quantum
equations in terms of quaternions are invariant under quaternion, Lorentz and duality transfor-
mations. It has also been disussed that the quaternion analytiity of dyons in isotropi medium
reprodues the results of Kravhenko [20℄ in the absene of magneti monopole and aordingly
this theory an be desribed symmetrially for pure monopole in the absene of eletri harge
or vie versa.
2 Generalized eld equation of dyons in HomogeneousMedium
Assuming the existene of magneti monopoles,we may write the following form [22℄ of symmetri
generalized Maxwell-Dira dierential equations [1, 21℄ in free spae in SI units (c = ~ = 1) as;
−→
∇.
−→
D = ρe
−→
∇.
−→
B = µ0ρm
−→
∇ ×
−→
E = −
∂
−→
B
∂t
−
−→
jm
ǫ0
−→
∇ ×
−→
H =
∂
−→
D
∂t
+
−→
je (1)
where ρe and ρm are respetively the eletri and magneti harge densities while
−→
je and
−→
jm
are the orresponding urrent densities,
−→
D is eletri indution vetor,
−→
E is eletri eld,
−→
B is
magneti indution vetor and
−→
H is magneti eld. Here we asume the homogenous (isotropi)
medium with the following denitions [15℄,
−→
D = ǫ
−→
E (ǫ = ǫ0ǫr) (2)
and
2
−→
B = µ
−→
H (µ = µ0µr) (3)
where ǫo the free spae permitivity, µ0 is the permeability of free spae and ǫr and µr are dened
respetively as relative permitivity and permeability in eletri and magneti elds. On using
equations (2) and (3), equation (1,2,3,4) takes the following dierential form [19℄,
−→
∇.
−→
E =
ρe
ǫ
−→
∇.
−→
B = µρm
−→
∇ ×
−→
E = −
∂
−→
B
∂t
−
−→
jm
ǫ
−→
∇ ×
−→
B =
1
v2
∂
−→
E
∂t
+ µ
−→
je (4)
Dierential equations (1,2,3,4) are the generalised eld equations of dyons in homogenous medium
and the eletri and magneti elds are orresponding alled generalised eletromegneti elds
of dyons. These eletri and magneti elds of dyons are expresed in following dierential form
in homogenous medium in terms of two potentials [11℄as,
−→
E = −
−→
∇φe −
∂
−→
C
∂t
−
−→
∇ ×
−→
D (5)
−→
B = −
−→
∇φm −
1
v2
∂
−→
D
∂t
+
−→
∇ ×
−→
C (6)
where {Cµ} = {φe, v
−→
C } and {Dµ} = {vφm,
−→
D} are the two four-potentials assoiated with
eletri and magneti harges.
Let us dene the omplex vetor eld
−→
ψ in the following form
−→
ψ =
−→
E − iv
−→
B (7)
Equations (5,6) and (7) lead to the following relation between generalized eld and the ompo-
nents of generalized four-potential as,
−→
ψ = −
∂
−→
V
∂t
−
−→
∇φ− iv (
−→
∇ ×
−→
V ) (8)
where {Vµ} is the generalised four-potential of dyons in homogenous medium and dened as
Vµ = {φ,
−→
V } (9)
i.e.
φ = φe − ivφm (10)
and
3
−→
V =
−→
C − i
−→
D
v
. (11)
Maxwell's eld equation (7,8,9,10) may then be written in terms of generalized eld
−→
ψ as
−→
∇ ·
−→
ψ =
ρ
ǫ
(12)
−→
∇ ×
−→
ψ = −iv(µ
−→
j +
1
v2
∂
−→
ψ
∂t
) (13)
where ρ and
−→
j are the generalized harge and urrent soure densities of dyons in homogenous
medium given by
ρ = ρe − i
ρm
v
(14)
−→
j =
−→
je − i v
−→
jm. (15)
Using equation (12) we introdue a new parameter
−→
S (i.e. the eld urrent) as
−→
S = 
−→
ψ = −µ
∂
−→
j
∂t
−
1
ǫ
−→
∇ρ− ivµ(
−→
∇ ×
−→
j ) (16)
where is the D'Alembertian operator and expressed as
 = 1
v2
∂2
∂t2
−∇2 =
1
v2
∂2
∂t2
−
∂2
∂x2
−
∂2
∂y2
−
∂2
∂z2
. (17)
where v is the speed of eletromagneti wave in homogenous isotropi medium. In terms of
omplex potential the eld equation is written as
φ = vµρ (18)

−→
V = µ
−→
j . (19)
We write the following tensorial form of generalized Maxwell's -Dira equations of dyons in
homogenous medium as
Fµν,ν = j
e
µ (20)
F dµν,ν = j
m
µ . (21)
Dening generalized eld tensor of dyon as
Gµν = Fµν − ivF
d
µν . (22)
One an diretly obtain the following generalized eld equation of dyon in homogenous (isotropi)
medium i.e.
4
Gµν,ν = jµ (23)
Gdµν,ν = 0. (24)
The Lorentz four-fore equation of motion for dyons in homogenous (isotropi) medium as
fµ = m0x¨µ = ReQ ∗ (Gµνu
ν) (25)
where Re donetes real part, x¨µ is the four-aeleration and {u
ν}is the four-veloity of the partile
and Q is the generalized harge of dyon in isotropi medium.
3 Quaternion analysis for generalised Maxwell's equation in
homogenous medium
A quaternion is dened as
q = q0e0 + q1e1 + q2e2 + q3e3 (26)
where q0, q1, q2, q3 are real numbers and alled the omponents of the quaternion q and the
quaternion units e0, e1, e2, e3 satisfy the following multipliation rules;
e20 = 1
ejek = −δjk + ǫjklel (27)
where δjk and ǫjkl (j, k, l= 1,2,3 and e0 = 1) are respetively the Kroneker delta and three-index
Levi-Civita symbol. The sum of two quaternions p and q is dened by adding the orresponding
omponents,
p+ q = (p0 + q0)e0 + (p1 + q1)e1 + (p2 + q2)e2 + (p3 + q3)e3 (28)
and the multipliation of two quaternions is dened as ;
p.q = (p0q0 −
−→p .−→q )e0 +Σ
j
(pjq0 + p0qj + ǫjklpkql)ej (29)
Thus eah quaternion q is the sum of a salar q0 and a vetor
−→q ,
q = scalar(q) + vector(q) = q0 +
−→q (30)
where
−→q = q1e1 + q2e2 + q3e3. Thus the produt of two quaternions p and q is also written as
pq = p0q0 −
−→p .−→q + p0
−→q + q0
−→p +−→p ×−→q (31)
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where the dot and ross indiate, respetively, the usual three dimensional salar and vetor
produts. For any quaternion, there exists a quaternion onjugate
q = q − q1e1 − q2e2 − q3e3 = q0 −
−→q . (32)
Quaternion onjugate is an automorphism of ring of quaternion i.e.
(pq) = (q)(p). (33)
The norm of a quaternion is given as
q.q = q.q = q20 + q
2
1 + q
2
2 + q
2
3 = |q|
2. (34)
The inverse of a quaternion q is also a quaternion
q−1 =
q
|q|2
. (35)
Let us dene the quaternioni form of dierential operator as[19℄,
⊡ = (−
i
v
∂t +D) (36)
and
⊡ = (−
i
v
∂t −D) (37)
where D = e1∂1 + e2∂2 + e3∂3. As suh we an express the quantum equation assoiated with
generalized four-potential, four urrent, eletri eld and magneti eld in terms of quaternioni
analysis as
V = −i
φ
v
e0 + V1e1 + V2e2 + V3e3 (38)
J = −iρve0 + J1e1 + J2e2 + J3e3 (39)
E = E1e1 + E2e2 + E3e3 (40)
B = B1e1 +B2e2 +B3e3. (41)
Operating equation (37) to equation (7) and using equation (27 ), we get
⊡ψ = ivµJ = i
√
µ
ǫ
J. (42)
Similarly we may operate equation (36) to equation (39) and on using equation (27) we get
⊡ J = S. (43)
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where we have used the following subsidiary ondition
−→
∇.
−→
V +
1
v2
∂φ
∂t
= 0 (44)
and
−→
∇.
−→
J +
∂ρ
∂t
= 0 (45)
Equation (44) is known as Lorentz gauge ondition while equation (45) is referred as ontinuity
equation.
−→
ψ and
−→
S are dened as quaternion valued vetor funtions in the following manner
ψ = −ψt −
i
v
(e1ψ1 + e2ψ2 + e3ψ3 (46)
S = −St − i
√
ǫ
µ
(e1S1 + e2S2 + e3S3). (47)
Similarly, we may obtain the quaternion onjugate eld equations for dyons in homogenous
(isotropi) medium as
⊡V = ψ (48)
⊡J = S (49)
where V , J, ψ and S are the quaternion onjugates dened as
V = −i
φ
v
e0 − (V1e1 + V2e2 + V3e3) (50)
J = −iρve0 − (J1e1 + J2e2 + J3e3) (51)
ψ = −ψt +
i
v
(e1ψ1 + e2ψ2 + e3ψ3) (52)
S = −St + i
√
ǫ
µ
(e1S1 + e2S2 + e3S3). (53)
Hene the quaternion forms of equation (18,19) for generalized potential, equation (23,24) for
generalized Maxwell's Dira equation and Lorentz fore equation (25) for dyons in homogeneous
medium may be expressed in terms of the following set of quaternion equations in simple, ompat
and onsistent manner.
⊡⊡V = J (54)
[⊡, G ] = J (55)
[⊡, J ] = 0 (56)
[u,G ] = f (57)
where
7
u = −iu0e0 + u1e1 + u2e2 + u3e3 (58)
G = −iG0e0 +G1e1 +G2e2 +G3e3. (59)
In equation (57), u, G and f are the quaternioni forms of veloity, generalized eld tensor and
Lorentz fore assoiated with dyons in homogeneous medium. The elements of G in equation
(59) are the following quaternion forms,
G0 = G01e1 +G02e2 +G03e3, (60)
G1 = iG10e1 +G12e2 +G13e3, (61)
G2 = iG20e1 +G21e2 +G23e3, (62)
G3 = iG30e1 +G31e2 +G32e2. (63)
Equations (55, 56 ) and (57) may also be desribed as
[⊡, Gµ] = Jµ (64)
and
[u,Gµ] = fµ (65)
where Jµ and fµ are the four urrent and four fore assoiated with generalized eld of dyons
in homogeneous (isotropi) medium. Let us fatorize the wave operator as the ombination of
quaternion and its onjugate in the following manner[20℄,
(−△−
1
v2
∂2t ) = (−
i
v
∂t +D)(−
i
v
∂t −D). (66)
Moreover, eah solution of the wave equation
(△+
1
v2
∂2t )b = 0 (67)
an be written in a simple and ompat form as the sum of two funtions A and B, whih redues
to following set of dierential equations
(D −
i
v
∂t)A = je (68)
(−D −
i
v
∂t)B = jm (69)
respetively for eletri and magneti harges of a partile desribed as dyons.
4 Moving dyons
Let us dene the generalized harge of dyons moving in generalized eletromagneti eld as ;
8
Q = e− i
g
v
(70)
where e is eletroni harge and g is magneti harge. Let us assume that a dyon is moving with
a veloity
−→
V (t). Thus, the eletri harge density ρe of a dyon may be expressed as,
ρe(t, x) = eδ(x− S(t)) (71)
where S(t) is the trajetory of the eletron and the urrent density
−→
je is written as,
−→
je (t, x) =
−→
V (t)ρe(t, x). (72)
We now use equation (66) along with the known solution of the equation i.e.
(△+
1
v2
∂2t )b(t, x) = A(t)δ(x − S(t)) (73)
whih may be expressed in terms of the following formula,
b(t, x) =
A(τ(t))
4π|x− S(τ(t))|(1 −M(S(t))
(74)
where
M(τ) =
<
−→
V (τ), x − S(τ) >
v|x − S(τ)|
(75)
is alled the Mah number and τ satises the equation
|x− S(τ)|
v
− (t− τ) = 0. (76)
Similarly as the ase of eletron, let us desribe that a monopole onstituent of a dyon is also
moving with a veloity
−→
V (t). Then the magneti harge density ρm and magneti urrent density
−→
jm in view of duality transformations [21, 22℄ lead to the following expressions i.e.
ρm(t, x) = gδ(x− S(t)) (77)
and
−→
jm(t, x) =
−→
V (t)
ρm(t, x)
v2
. (78)
Taking into aount the expliit form of ρe , je and ρm, jm equation (42) is desribed as follows:
⊡ψ = [
1
ǫ
+ ivµ
−→
V (t)]eδ(x − S(t))−
i
ǫ
[
1
v
+ i
−→
V (t)
v2
]gδ(x− S(t)). (79)
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Thus, the purely vetorial biquaternion
ψ(t, x) = (−
i
v
∂t +D)b(t, x) (80)
is a solution of equation (79) if b is a solution of equation (73) with
A(t) = [(
e
ǫ
+ ievµ
−→
V (t))−
i
ǫ
(
g
v
+ ig
−→
V (t)
v2
)]. (81)
Here b and A both are omplex quaternioni funtions. Using equation (73,74,75) we obtain
b0(t, x) =
1
ǫ
(e− i g
v
)
4π|x− S(τ(t))|(1 −M(τ(t))
=
Q
4πǫ|x− S(τ(t))|(1 −M(τ(t))
(82)
and
−→
b (t, x) =
i(evµ
−→
V (t)− i g
ǫ
−→
V (t)
v2
)
4π|x− S(τ(t))|(1 −M(τ(t))
=
ivµ
−→
V (t)Q
4π|x− S(τ(t))|(1 −M(τ(t))
. (83)
Thus, solution (79) redues to a simple dierentiation, i.e.
ψ(t, x) = (−
i
v
∂t +D)[
1
ǫ
Q+ ivµ
−→
V (t)Q
4π|x− S(τ(t))|(1 −M(τ(t))
]. (84)
We may now introdue the auxiliary funtions as
ϕ =
1
|x− S(τ(t))|(1 −M(τ(t))
(85)
ζ =
1
4π
[
1
ǫ
Q + ivµ
−→
V (t)Q]. (86)
Then
ψ = (−
i
v
∂t +D)[ζ].ϕ+ (−
i
v
∂t +D)[ϕ].ζ. (87)
It is easy to see that the salar part of the expression on the right hand side is zero. Rewriting
Maxwell's equations (4) in vetor form as follows:
−→
ψ = −
i
v
(∂t
−→
ζ .ϕ+ ∂tϕ.
−→
ζ) + ϕ
−→
∇ ×
−→
ζ + ζ0
−→
∇ϕ+ [
−→
∇ϕ×
−→
ζ ]. (88)
By the denition of
−→
ψ from equation (7), we have,
−→
E = −
i
v
(∂t
−→
ζ .ϕ+ ∂tϕ.
−→
ζ ) +
1
4πǫ
Q[
−→
∇ϕ] (89)
and
10
v
−→
B = ϕ
−→
∇ ×
−→
ζ + [
−→
∇ϕ×
−→
ζ ]. (90)
To obtain the following generalized eletri and magneti eld vetors
−→
E and
−→
B in expliit form
we have used the following intermidate equalities i.e.
∂t
−→
ζ = i
(evµ
−→
V ′(τ) − i g
ǫ
−→
V ′(τ))
4π(1−M(τ))
, (91)
−→
∇ ×
−→
ζ =
i
4π
[evµ(
−→
∇τ ×
−→
V ′(τ)) − i
g
ǫ
(
−→
∇τ ×
−→
V ′(τ))], (92)
[
−→
∇ϕ×
−→
ζ ] = (v2 +
i
4π
{
evµ[(x− s)×
−→
V ]− i g
ǫ
[(x − s)×
−→
V ]
v2|x− s|3(1−M)3
}×
< v2+ <
−→
V ′, x− s > −|
−→
V |2 ). (93)
As suh, the solutions of the above problem for a moving dyon in terms of eletri and magneti
eld vetors of may now be obtained in the following forms in terms of intermidate equalities
i.e.,
−→
E =
i
4π
eµ{
−→
V ′(τ)
|x− s|(1−M)2
+ [
(
−→
V (τ)|x − s| − −→v |x− s|)
v|x − s|3(1−M)3
](v2+ <
−→
V ′, x− s > −|
−→
V |2)}
+
g
4πǫv
{
−→
V ′(τ)
|x− s|(1 −M)2
+ [
(
−→
V ′(τ)|x − s| − −→v |x− s|)
v|x− s|3(1−M)3
](v2+ <
−→
V ′, x− s > −|
−→
V |2)} (94)
and
−→
B =
eµ
4π
{
[(x− s)×
−→
V ′(τ)]
v|x− s|2(1−M)2
+
[(x− s)×−→v (τ)]
v2|x− s|3(1 −M)3
(v2+ <
−→
V ′, x− s > −|
−→
V |2)}
−
ig
vǫ
{
[(x− s)×
−→
V ′(τ)]
v|x− s|2(1−M)2
+
[(x− s)×−→v (τ)]
v2|x− s|3(1−M)3
(v2+ <
−→
V ′, x− s > −|
−→
V |2)}. (95)
These expressions, assoiated with the solutions of generalized eld equations of dyons, redue
to the solutions of usual elerti and magneti eld vetors in the absene of magneti (eletri)
harge on dyons similar to those desribed by Kravhenko [20℄ or vie versa.
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